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Abstract
We generalize the complete lift of real functions, introduced by Yano-Ishihara [17] and the
complete lift of maps between Euclidean spaces, dened by Ou [12] to obtain harmonic maps
and morphisms on semi-Riemannian manifolds. A new characterization of harmonic morphisms
between (semi-) Riemannian manifolds is obtained. For some quadratic forms, which generalize









Harmonic maps between Riemannian manifolds are introduced by several equivalent ways, ac-
cording to some dierent theories point of view: as a generalization of minimal immersions (from
the theory of submanifolds), as the extrema of the energy functional (from a variational principle
on compact manifolds), as maps whose dierential is a bundle-valued harmonic 1-form (from the
exterior calculus on manifolds), as solutions of Euler-Lagrange equations which generalize the
Laplace equation for real functions (from the Nonlinear Analysis), [3]. In the case of harmonic
maps between semi-Riemannian manifolds, the literature is not so rich as in the Riemannian
case, mainly since the Euler-Lagrange equations are no more elliptic and the existence of a
semi-Riemannian metric depends on the topological restrictions of the manifold. As an example




) of a Riemannian
m-dimensional manifold (M
m
; g) since the complete lift metric g
C
is of signature (m;m). We
have supplied this example for the role it plays in the construction of some harmonic maps
between semi-Riemannian manifolds. So, we recall that the method of lifting some geometrical
objects from the base manifold to its tangent bundle introduced by Yano-Ishihara in [17], was
then used by Oproiu [11] to relate the harmonicity of a map  : (M; g)! (N; h) to that of its
dierential d : (TM; g
C
) ! (TN; h
C
). Previously, this relation was studied in [15,16] when
the tangent bundles were endowed by the corresponding Sasaki metrics. Harmonic vector elds
X : M ! TM on a Riemannian manifold, when TM carries the Sasaki metric, are studied in
[10]. We also recall that any endomorphism eld F on a (semi-)Riemannian manifold (M; g)




), so that it was possible in [6,7,8] to introduce and
study harmonic endomorphism elds, harmonic connections and harmonic tensor elds.
To this point, we focus on the harmonic morphisms, as a class of harmonic maps, whose
theory has recently been extended from the Riemannian to the semi-Riemannian case, [5], [1].
In Sec.2, we provide a method to obtain harmonic maps and morphisms between semi-
Riemannian manifolds derived from some ones between Riemannian manifolds. To do this, we
introduce rst the complete lift of a map ' : M ! R
n
, by generalizing the complete lift of
functions [17] and the complete lift of maps between Euclidean spaces [12]. Then we show
how some properties of harmonicity for a map ' : (M; g) ! R
n
in the Riemannian case are






in the semi-Riemannian case and we give a
new characterization for harmonic morphisms between (semi-) Riemannian manifolds. In Sec.3
we deal with quadratic forms, as a generalization of quadratic maps (see [13,14]) and obtain
necessary and sucient conditions under which they are harmonic maps or morphisms.
Throughout this note, we suppose that all manifolds and maps are of class C
1
, and unless
otherwise specied, we also assume the Einstein convention of summation over repeated indices.
2
2 Complete Lifts
We generalize the complete lift of real functions [17] and the complete lift of maps between
Euclidean spaces [12] by:
Denition 2.1. Let ' :M ! R
n
, ' = ('
1
; : : : ; '
n
) be a map from a manifold to an Euclidean
space. Then we dene its complete lift by:
'
C


















M; x 2M : (2:1)
Particular cases. a) If n = 1, then ' : M ! R is a real function. So, the 1-form d' can be
regarded in a natural way as a function on TM, which is denoted by d'. It follows that the
complete lift dened above:
'
C
: TM ! R; '
C
= d' (2:2)
coincides with the complete lift of a real function [17].
b) If M  R
m
is an open subset of an Euclidean space, then the complete lift dened above:
'
C



































;  = 1; n (2:3)
which coincides with the complete lift of a map between Euclidean spaces [12].
From (2.1) and (2.2) we obtain the following:
Lemma 2.2. For a map ' : M ! R
n
, ' = ('
1
; : : : ; '
n
), the components of the complete lift
'
C
















Local coordinates. If (x
1








; : : : ; y
m
) denote the local coordinates on
M and TM respectively, then for any map ' : M ! R
n
, ' = ('
1
; : : : ; '
n
) the complete lift
'
C
: TM ! R
n
is expressed in local coordinates by (2.3).
For later use, we recall how some geometrical objects on a manifold M induce geometrical
objects of the same type on TM, by the vertical and complete lifts, as follows:
Denition 2.3 [17]. Let  : TM ! M be the tangent bundle of a manifold. If f 2 F(M),
X 2  (TM), g 2 T
0
2
(M), J 2 T
1
1
(M) and r denote respectively a real function, a vector eld,
a tensor eld of type (0,2), a tensor eld of type (1,1) and a linear connection on M , then their







= f  ; f
C




















































































































































; 8Y 2  (TM) : (2:9)
Remark. a) Any tensor eld on TM can be expressed locally by the vertical and complete lifts
of some tensors on M ;
b) We have:




: X 2  (TM)g ; (2:10)
c) Any almost complex structure J on M induces an almost complex structure J
C
on TM ;
d) If (M; g) is a (semi-)Riemannian manifold and r is its Levi-Civita connection, then g
C
is
a semi-Riemannian metric on TM and r
C
is its Levi-Civita connection. Any local orthonormal
frame on (M; g):
fe
i
: i = 1; mg; m = dim M ; (2:11)























2 : i = 1; mg : (2:12)
Hence g
C
is of signature (m;m).
Lemma 2.4. Any function f : (M
m


























Proof. In the local orthonormal frames (2.11) and (2.12) on (M
m











































); j = m+ 1; 2m :
Then (2.13) follows from (2.6) and (2.9).
As g
C





































); 8X 2  (TM) :
From (2.6) and (2.7) it follows that (2.14) is eventually equivalent to identities, which ends the
proof, since (2.14
0
) can be shown in a similar way.
We infer now some properties preserved by the complete lift. Obtained in the context of semi-
Riemannian geometry on (TM; g
C
), they are neither related, nor extensions of the properties
given in [12] by a dierent method, in the Euclidean framework.
Proposition 2.5. Any map ' : (M; g) ! R
n
on a (semi-)Riemannian manifold is harmonic








Proof. For real functions (n = 1), the statement was proved in [7]. It is well known that any
map from a (semi-) Riemannian manifold to R
n
is harmonic (resp. totally geodesic) if and only
if its components are harmonic (resp. totally geodesic) functions. Hence from Lemma 2.2 we
complete the proof.
Lemma 2.6. Any map ' :M ! R
n
and its complete lift '
C






















(u); 8Y 2  (TM); u 2 TM ; (2:16)
where  : TM ! M denotes the natural projection and d'(Y ) : x 2 M 7! (d
x





is regarded as a map on M .
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Proof. The map ' = ('
1

















(u)); 8Y 2  (TM); u 2 TM ; (2:17)



























;  = 1; n ;



































)Y = (Y '





(u); quad = 1; n ;
coincide (due to (2.17)) respectively with the components of the left-hand side of (2.15).































(u)) = (d'(Y ))
C
(u);
8 Y 2  (TM); u 2 TM ;
by means of Lemma 2.2. So (2.16) is veried and the proof is completed.




























;  = 1; k ;
with respect to the canonical frame f@

:  = 1; 2kg of R
2k
.
Any smooth map Z : M ! TR
2k






















































) is a holomorphic map dened on an almost









Proof. From (2.10), '
C


























; 8X 2  (TM) : (2:22)

















; 8X 2  (TM); u 2 TM : (2:23)






















By using (2.15) again, we obtain (2.23).

















; 8X 2  (TM); u 2 TM : (2:24)



























By using (2.16) again, we obtain (2.24) which ends the proof.
The following notion was introduced by Constantinescu-Cornea [2] in the Riemannian case
and then extended by Fugledee [5] to the semi-Riemannian case:
Denition 2.8. A C
2
-map  : M ! N between (semi-)Riemannian manifolds is a harmonic
morphism if for any C
2
-harmonic function f dened on an open subset V  N , with 
 1
(V )
non-empty, the pull-back of f (i.e. f  ) is harmonic on 
 1
(V ).
For having a useful characterization of the above denition, the concept of \horizontally
weakly conformality" was extended from the Riemannian to the semi-Riemannian case [5], [1].
One of the equivalent denitions provided in [1] is the following:
Denition 2.9. A C
1
-map  : (M
m
; g) ! (N
n
; h) between (semi-)Riemannian manifolds is
horizontally weakly conformal if there is  :M ! Rsuch that for any local frame fY











; ;  = 1; n : (2:25)
Proposition 2.10. If ' : (M; g)! R
n
is a horizontally weakly conformal map (of conformal


















; ;  = 1; n ; (2:26)















; ;  = 1; n : (2:27)
If we x ;  = 1; n, then both sides of (2.26) are functions on M which can be lifted by the


































The characterization of harmonic morphisms given independently by Fugledee [4] and Ishi-
hara [9] in the Riemannian case remains valid in the semi-Riemannian case.
Theorem 2.11 [5]. A C
2
-map between (semi-) Riemannian manifolds is a harmonic morphism
if and only if it is harmonic and horizontally weakly conformal.
Combining this Theorem with Propositions 2.5 and 2.10, we obtain:
Theorem 2.12. If ' : (M; g) ! R
n
is a harmonic morphism on a










= fx 2 R
1;2
=hx; xi = 1g be the pseudo-Riemannian sphere of the pseudo-
Euclidean space (R
1;2
; h; i) where:





































carries the product metric, denoted by g. As the projection map ' : (M; g) ! R
2
,















We see now how the harmonicity of a map  : (M; g)! (N; h) between (semi-)Riemannian
manifolds is related to the harmonicity of its dierential d : TM ! TN for some suitable
metrics on TM and TN. When TM and TN are Riemannian manifolds, endowed with the Sasaki
metrics corresponding to the Riemannian metrics g hand h, then the conditions under which d
is totally geodesic or harmonic are obtained in [15,16]. When TM and TN carry semi-Riemannian
metrics, we recall:
8
Theorem 2.13 [11]. A map  : (M; g)! (N; h) between Riemannian manifolds is harmonic








) is harmonic for some tensor
elds s and t of type (0,2).
The proof uses vertical, complete and horizontal lifts. In particular, s = t = 0.
Here we deal with harmonic morphisms and provide a necessary and sucient condition by
using only vertical and complete lifts.
The chain rule yields the following:
Lemma 2.14. For any map  : M ! N , its dierential d : TM ! TN pulls complete lifts





 d = ('  )
C
(2:28)






























































Theorem 2.15. A map  : (M; g) ! (N; h) between (semi-) Riemannian manifolds is a
harmonic morphism if and only if, by its dierential d : (TM; g
C
) ! (TN; h
C
), the pull-back
of any harmonic complete lift function is harmonic, that is for any harmonic local function f
C
on TN (which is a complete lift), the pull-back f
C
 d is harmonic.
Proof. Denote by  : TN ! N the natural projection and let V  TN be any open subset,
with (d)
 1
(V ) non-empty. From Proposition 2.5, f
C
: V ! R is harmonic if and only if
f : (V ) ! R is harmonic. On the other hand, by Lemma 2.14 and Proposition 2.5, the
harmonicity of the pull-back f
C
 d is equivalent to the harmonicity of f  , which is the
pull-back of f and the Theorem follows from Denition 2.8.
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Corollary 2.16. Any map  : (M; g)! (N; h) between (semi-)Riemannian manifolds, whose




) is a harmonic morphism, has to be a harmonic morphism.
The behaviour of harmonic morphisms is dierent from that of harmonic maps, described
by Theorem 2.13, so that the converse of this Corollary is not true, as shows the following:
















is a harmonic morphism [3] and its dierential:













d(x; y; u; v) = ((x; y); 2 Re(xu  yv); 2(uy + xv)) :


































), it follows that d is not a
harmonic morphism.
Remark. The horizontally weakly conformality of a map  : (M; g)! (N; h) between (semi-)




), since if it
was so, then from Theorem 2.13, the converse of Corollary 2.16 would have to be true.
However, in a particular case, we have the following:
Proposition 2.17. If ' : (M; g) ! R
n
is horizontally weakly conformal with constant con-






), where h; i denotes the
Euclidean metric on R
n
.






) satises d'(x; y) = ('(x), '
C
















with respect to the canonical frame of R
2n
, we need to prove the existence of a real function


































) = 0; 8;  = 1; n :
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By taking into account (2.7), (2.14
0
) and the fact that ' is horizontally weakly conformal of
constant conformal factor , we nd  = , which ends the proof.
As a consequence of Proposition 2.17 and Theorem 2.13, we nd the following sucient
conditions under which the converse of Corollary 2.16 is true:
Corollary 2.18. If ' : (M; g)! R
n
is a harmonic morphism with constant conformal factor










Note that in the previous Example, the map  did not have constant , since its bres were
not minimal and therefore could stand as a counterexample of Corollary 2.16.
Remark. The characterization supplied by Theorem 2.15 remains true if we replace any real
function f by any map ' with values in R
k
, grace to the following:
Proposition 2.19. Let  : (M; g)! (N; h) be a harmonic morphism between (semi-)Riemannian
manifolds, with its dierential d : (TM; g
C
) ! (TN; h
C
). If V  TN is an open subset such
that (d)
 1
(V ) is non-empty, then for any harmonic map '
C
: V ! R
k
(which is a complete
lift), the pull-back '
C
 d is harmonic.
Proof. From Lemma 2.2, the harmonicity of '
C
: V ! R
k
is equivalent to that of its component
functions, which are complete lifts. As  is a harmonic morphism, then by Theorem 2.15, the
component functions of the pull-back '
C
 d is harmonic, as stated.
3 Quadratic Forms.
Like usual dierential forms of a manifold (resp. of a vector bundle) a quadratic form is a map
 : TM ! R (resp.  : E ! R) for which the linearity condition is no more satised. Precisely:
Denition 3.1. Let  : E !M be a vector bundle whose dual and symmetric power of E are




E. We call ' : E ! R
n
, ' = ('
1
; : : : ; '
n
) a quadratic form





















; x 2M : (3:1)
In particular, ' is called a quadratic form of M , provided E = TM .
Local coordinates. If fs
k
: k = 1; rg is a local frame of E (with m = dimM and r = rankE),
then in the local coordinates (x
1








; : : : ; u
r
) onM and E, respectively,

















































(x)U ;  = 1; n ; (3:3)
where x = (x
1
; : : : ; x
m




; : : : ; u
r












(x),  = 1; n, are real functions.
Examples. (i) Any map  : (M; g) ! (N; h) between Riemannian manifolds, provides a
quadratic form ' : TM ! R dened by '(X) = h(rd(X;X); ), where rd and  are
the second fundamental form and the tension eld, respectively.
(ii) If E = TM , then ' : TM ! R
n



















M; x 2M ;
for some symmetric tensor elds h
1
; : : : ; h
n
of type (0,2) on M .
(iii) If E = R
r





, ' = ('
1
; : : : ; '
n
) is a quadratic form if and only if ' is a quadratic map, i.e. its

















;  = 1; n ; (3:4)
where A

,  = 1; n are symmetric matrices of order r.
The quadratic maps between Euclidean spaces are studied and classied in [13,14].
Here we deal with some quadratic forms, which are a little bit more general than quadratic
maps, as follows.
(iv) If U  R
m
is an open subset of an Euclidean space, then ' : TU ! R
n
, ' = ('
1
; : : : ; '
n
)









(x)Y; 8x = (x
1
; : : : ; x
m








;  = 1; n ; (3:5)
where A









Remark that in the case of quadratic maps, all component matricesA

,  = 1; n are constant.
Our aim is to nd necessary and sucient conditions under which a quadratic form ' :




is harmonic, horizontally weakly conformal or a harmonic morphism, with
respect to the pseudo-Euclidean metric h; i
C
(which is the complete lift of the Euclidean metric
h; i on U).













= 0; i = 1; m;  = 1; n : (3:6)
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Proof. The harmonicity of ' is equivalent to the harmonicity of its components, given by
(3.5). Since the Laplacian of any smooth function F : (TU ; h; i
C
)! R is expressed in the local
coordinates (x
1


















it follows (3.6) as claimed.




is harmonic (since ' is expressed as in (3.4)
for r = m).
We remark again that as we work on semi-Euclidean spaces, all the statements obtained here
are neither related nor extensions of those obtained in [14], on the Euclidean spaces.
As a consequence of Lemma 3.1, we get:




as in (iv), is harmonic if and only
if the symmetric tensor elds a

,  = 1; n, of type (0,2) have no divergence.
Example. If a is any symmetric tensor eld of type (0,2) on U , parallel with respect to the
Levi-Civita connection r of h; i, then the quadratic form
' : (TU ; h; i
C






is harmonic (since ra = 0 yields div a = 0).
In particular, the quadratic form
' : (TU ; h; i
C













as in (iv) is horizontally weakly










































= 0; ;  = 1; n : (3:8)










; ;  = 1; n : (3:9)
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This relation being valid for any (y
1




, then by (3.9) we complete the proof.
From Lemma 3.1, Propositions 3.2 and 3.3, we obtain:




as in (iv) is a harmonic morphism,
provided the symmetric tensor elds a





































) = 0; ;  = 1; n : (3:11)
Example. Any quadratic map is not only harmonic, as in the Example following Lemma 3.1,
but also a harmonic morphism.
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